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1. INTRODUCTION 
The purpose of this paper is to determine necessary and sufficient condi- 
tions under which certain families of linear mappings can be represented by a 
given bilinear mapping. More precisely, let E, F be topological vector spaces 
and suppose B is a continuous bilinear mapping of E x F into a topological 
vector space G. If  dp is a collection of continuous linear mappings of F into G, 
under what conditions is each member of 2 represented by B(x, .) for a 
unique x E E ? 
In case E is a Hilbert space and B is a sesquilinear form on E x E the 
following is well-known: 
THEOREM (Lax-Milgram, [4, p. 441). Let E be a Hilbert space and let B 
be a continuous sesquilinear form on E x E. If there exists an m > 0 such that 
1 B(N, x)1 > m 11 x /I2 for every x E E, then for every continuous linear functional f  
on E there exists a unique .Y E E such that f(y) =: B(x, y) for ally E E. 
Variations of the Lax-Milgram theorem for bilinear mappings have been 
obtained by Hayden [3] and C&c [l]. The results in [l] and [3] give necessary 
and sufficient conditions for each continuous linear mapping of F into G 
to be represented by B(x, .) for a unique x E E when E, F are reflexive Banach 
spaces and G is finite dimensional. Some applications of theorems of the Lax- 
Milgram variety are given by Schechter [9] and Cleaver [2]. 
In this paper we extend the Lax-Milgram theorem to topological vector 
spaces. Theorems 1 and 2 are extensions of the results of Hayden and Cat, 
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respectively, to certain classes of locally COI~VCI spaces when the dimension 
of G is finite. In Theorem 3 necessary and suflicient conditions are given in 
order for each continuous linear operator from E’ to G which maps bounded 
sets into precompact sets to have a unique representation of the form B(x. .) 
when G is a topological vector space with an (P)-Schauder basis. 
2. NOTATIONS AND DEFINITIONS 
E, or simply E denotes a vector space E endowed with a Hausdorff vector 
topology 7. E’ is the dual of E and E,’ denotes the strong dual of E. The 
symbol “0” will stand for the polar operation for the natural pairing (E, E’j. 
If U is a convex, circled absorbing set in E, p, denotes the gauge functional 
of U. The scalar field, either the reals or complexes, will be denoted by K. 
Y(E, F) denotes the space of all continuous linear operators from E into F. 
gPb(E,F) is the topological vector space Z(E,F) with the topology of the 
uniform convergence on the bounded subsets of E. L?‘C(E,F) denotes the 
subspace of L?(E,F) consisting of all continuous operators which map 
bounded subsets of E into precompact subsets of F. For the most part, we 
use the notations of [8]. 
For the remainder of the paper we assume that E and F are locally convex 
topological vector spaces. % denotes a fundamental system of closed, convex 
and circled neighborhoods of 0 in E and Yf denotes a cobase for the bounded 
sets of F. If G is a topological vector space and B is a continuous bilinear 
mapping from E x F to G, the induced linear mapping A from E to Y(F, G) 
is defined by A(x) = B(x, .). 
3. DIMENSION OF G IS FINITE 
LEMMA 1. Let B be a continuous bilinear form on E x F. Then for each 
WEE and each XE E, 
PA--qw+) = :g I m r)l ’ 
Proof. Since W’J is a convex, circled neighborhood of 0 in Fe’, A-I( W”) 
is a convex, circled absorbing set in E. Given x E E, let 
a = sup 1 B(x, y)i . 
Yew 
By definition, 
pAmIt WO,(x) = inf{A > 0 : x E AA-I( WO)). 
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If A > 0 and A(x) E AW*, then 1 B(s, y)] < X for ally E W. Thus 01 < X which 
implies 01 < pA-l(wO)(X). 
On the other hand, let 71 > 0. Then j B(x, y)i < OL + 7 for all y E W. 
Therefore \(a + y)-~l r2(x) (y)\ < 1 for all y E PV. This implies 
A(X) E (a + 7) TV0 so that pA-ltWo)(~) < a: + 7. Since T is arbitrary, 
P.4-~~WO)(X) d CL 
LEMMA 2. Let B be a contirtuous bilinear form on E, x F. The following 
are equivalent : 
(a) A is one-one and relatively r - /3(F’, F) open. 
(b) For each U E ‘2/ there exists WE YK” such that for each x E E, 
EE I B(x, r)l a PC+). 
Proof. (a) * (b). Let U E %. Since B is relatively 7 - ,f!(.P’, F) open, 
there exists W EYY such that A(E) n W” C A(U). Since A is one-one, it 
follows that A-l( Woo) C U. This fact and Lemma 1 imply that 
P,(X) < ~~-l,~o~(x) = SUP i B(x, Y)I 
YEW 
for each x E E. 
(b) s (a). Suppose A(X) = 0. That is, B(x, y) = 0 for all y E F. 
Then given in’ E @, by hypothesis, p&) = 0. This implies x E U for all 
U E @. Since T is Hausdorff, x = 0. Therefore A is one-one. 
We now show A is relatively T - /3(8”, F) open. Let U E 1 and choose 
V E @ such that 2 V C .5’. By hypothesis and Lemma 1, there exists WE Y/Y 
such that &(x) < P~-~(~O)(.X) for all x E E. For any x E A-‘(WO) we have 
Thus x E U, implying A-l( WO) C U. Therefore A(E) n W” C A(U) so that 
A’ is relatively T - /3(F’, F) open. 
The following result is a generalization of Hayden’s extension of the 
Lax-Milgram theorem [3]. 
THEOREM 1. Let E, be a barrelled Ptak space, let F be a distinguished semi- 
reflexive space and let B be a continuous bilinear form on E x F. Then each 
element of F’ is of the form B(x, .) for a unique x E E if and only if the following 
conditions are satisfied: 
(i) For each U E % there exists WE YY such that for all x E E, 
z; I % r)l 2 P&); 
(ii) I f  B(x, y) = 0 for all x E E, then y = 0. 
409140/3- 5 
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Proof. Given II’ E ,‘/ ., .i 1(ll,‘n) is a convez, circled absorbing set. Using 
the continuity of B, it is easily seen that .l m’( If,“‘) is closed in E. Since E is 
barreled, ,-I-l(Wo) is a neighborhood of 0. Consequently, -1 is 7 - /3(F’, F) 
continuous. 
Assume that each member of F’ is of the form B(s, .) for a unique .E E E. 
Then /l is one-one and onto. Since E is a Ptak space and F,’ is barreled, it 
follows that -4 is open [4, p. 2991. Condition (i) then follows from Lemma 2 
and (ii) holds since .4(E) := F’. 
On the other hand, assume that (i) and (ii) hold. By Lemma 2, ,d is one- 
one and relatively r - /3(F’, F) open. By the continuity of rZ, E is topologically 
isomorphic to d(E) with the relative topology of /3(F’, F). Since E is a Ptak 
space, E is complete [4, p. 2991. Therefore A(E) is a closed subspace of F,j’. 
Moreover, A(E) is total by (ii). However, F is semireflexive so that F,?’ contains 
no proper, total closed subspace. It follows that -4(E) = F’, completing the 
proof. 
Remark 1. The fact that E is a Ptak space is essential in Theorem 1. 
Indeed, let X be a reflexive Banach space. Then X contains a proper, dense, 
maxima1 linear subspace E such that E is of the second category in X [5, p. 951. 
E is a barreled normed linear space. Let F = S’ with the norm topology 
and define B(x,f) =f(.z) for all .z E E and all f~ F. Then B is a continuous 
bilinear form on E x F satisfying conditions (i) and (ii). However, rl is not 
onto. 
Remark 2. There are distinguished semireflexive spaces F which are not 
reflexive. In fact, let X be a nonreflexive Banach space and let F be x’ with 
the &lackey topology 7(X’, X). 
Now let G be an n-dimensional topological vector space with a basis 
kl Y-*-7 gn, \. I f  B is a continuous bilinear mapping of E x F into G, we write 
B(x, Y) = IX;=, W, Y) gi f  or all .x E E and all y  E F. It is clear that Bi , 
i = I,..., n, is a continuous bilinear form on E x F. 
The following result is a generalization of the representation theorem of 
C&z [l]. The proof of the following theorem makes use of Theorem 1 in the 
same manner as Cat’s result uses Hayden’s result. Therefore, we omit its 
proof, noting that .Wn = (W” : WE W} is a cobase for the bounded sets of 
F”i and that F” is distinguished and semireflexive if F has these properties. 
THEOREM 2. Let E be a barreled Ptak space, let F be a distinguished semi- 
reflexive space and let B be a continuous bilinear mapping of E x F into G, 
where G is an n-dimensional topological vector space with basis {g, ,..., g,>. 
Then for each T E J?(F, G) there exists a unique x E E such that T(y) = B(x, y) 
for ally E F if and only ;f  the following conditions are satisjied: 
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(i) For each U E @ there exists WE IllI’ such that for all x E E, 
;yg / fl Bi(X7 Yi> 1 3 P&h 
(ii) xr=, Bi(s, yJ = 0 for all x E E implies y1 = ... = y,, == 0. 
4. THE GENERAL CASE 
We now consider representation of certain families of linear mappings 
by means of a given bilinear mapping when G is of infinite dimension. For 
this purpose, let {g,} be a Schauder basis of a topological vector space G 
with associated coefficient functionals (fn}. The sequence {A’,) of continuous 
linear operators, where 
Si7(x) = i fi(x) gi 9 .Y E G, n== 1,2 ,... 
i=l 
is called the sequence of partial sum operators associated with the basis 
(g,}. The basis {g,) is called an (e)-Schauder basis of G if {S,} is an equicon- 
tinuous subset of Z(G, G). For the properties of (e)-Schauder bases, see 
Singer [lo]. 
Let B be a continuous bilinear mapping from E x F to a topological vector 
space G with Schauder basis {g ,J. We write B(x, y) = CT=, Bi(x, y) gi for all 
x 6 E and all y E F. For each n = 1, 2 ,..., define Bfn)(x, y) = ~~=, Bi(x, y) g, 
for all x E E and all y E F. Then Bi is a continuous bilinear form on E x F 
and Ben) is a continuous bilinear mapping of E x F into the linear span of 
kl 7***7 &z>. 
THEOREM 3. Let E be a reflexive Ptak space, let F be a distinguished semi- 
rejlexive space and let G be a topological vector space with an (e)-Schauder 
basis {g,}. Assume that B is a continuous bilinear mapping from E x F into G. 
Then for each T E YC(F, G) there exists a unique x E E such that 
T(y) = B(x, y) for all y E F if and only if the following conditions are satisfied: 
all x 22 F 
or each n = 1, 2,... and each U E J& there exists WE -if such that for 
(ii) T; e=a$ n = 1, 2 ,..., CL, B,(x, y,) = 0 for all x E E implies 
yl=“’ R . 
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Proof. The necessity follows immediatel!. b!. applying Theorem 2 tc 
Bcrl) for each n 7 1, 2,... . 
Assume that conditions (i) and (ii) hold and let T E ,LPC(F, G). For each 
n = 1, 2,..., define T, -= S, 0 T. By hypothesis and Theorem 2, there exists 
X, E E such that T,(Y) = B(“)(x~ , Y) for all Y E F. 
We first show that {xJ 1s a bounded sequence in E. It suffices to prove 
that sup,~&J < +- w for each t: E,#. Given Zf E%, by (i) there exists 
W ~9f~ such that supuEW / B,(x, y)] > pu(.v) for each .V E E. We now show 
that 
sup sup / B,(s, ,y)l < + a. 11 yEw 
Let I be the identity mapping on G. Since {gn} is an (e)-Schauder basis for 
G, {S,} is an equicontinuous sequence converging pointwise to I. Conse- 
quently, {S,} converges to I uniformly on the precompact set T(W) of G. 
This means that {T,} converges to T uniformly on IV. Therefore (fr 0 T,} 
converges tofr c T uniformly on W. For any y  E IV, 
It then follows from the uniform convergence and the boundedness of W that 
<supsup Ifi0 T,(Y) -fro T(Y)1 +su,w,lf~ T(Y)I < + ~0, n YEW n v 
showing that {xn} is bounded. 
By the reflexivity and completeness of E, there exists a weak cluster point 
,r,of(x,}inE.NowletyEF.ThenBi(.,y)EE’foralli=1,2,....Hencefor 
each i, &(x,, , y) is a cluster point of {Bi(xn , y)jz=r. On the other hand, 
since T,(y) = ~~zl &(x, , y)gi converges to T(y), fi( T(y)) is the limit of 
{Bi(x, , Y)}E=r for each i. Therefore,fi(T(y)) = Bi(xo , y) for each i = 1, 2,... . 
It follows that T(y) = E(x,, , y). 
Finally, suppose B&y) = 0 for all y  EF. Then for each i = 1, 2,..., 
&(x, y) = 0 for all y  E F. Given any U E %!‘, it follows by (ii) that p”(x) = 0. 
Hence x = 0, completing the proof. 
Remark 3. Any basis for a FrCchet space is an (e)-Schauder basis. Thus 
Theorem 3 can be applied when G is a Banach space with a basis. It should be 
noted, however, that conditions (i) and (ii) of Theorem 3 are useful only for 
representing members of LX’(F, G), even when the spaces involved are 
Banach spaces. Cat, for example, has noted that if E and G are infinite 
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dimensional Hilbert spaces and B is a continuous bilinear mapping of E x E 
into G, then there exists a member of Z’(E, G) which is not represented by 
B(x, .) for any x E E. The following result gives some conditions under which 
every member of Z(F, G) can be represented by a given bilinear mapping. 
COROLLARY. Assume one of the following sets of conditions hold: 
(1) E is a reflexive Ptak space, F is a Monte1 space and G is a topological 
vector space with an (e)-Schauder basis {g,}; 
(2) E is a reflexive Ptak space, F is a distinguished semirejexive space and 
G is a Frichet space with a basis {g,} such that convergence and weak convergme 
of sequences coincide in G. 
Then for each T E .Ep(F, G) there exists a unique x E E such that 
T(y) = B(x, y) for ally E F if and only if conditions (i) and (ii) of Theorem 3 
hold. 
Proof. This follows easily because conditions (1) and (2) both imply 
B(F, G) = 9C(F, G). In order to see this, let T E Y(F, G) and let W be a 
bounded subset of F. Under condition (l), F is a Monte1 space so that W is 
relatively compact. Consequently, T(W) is relatively compact, implying 
T E LZ’C(F, G). If condition (2) holds, then W is relatively weakly compact. 
Hence T(W) is relatively weakly compact. Since convergence and weak 
convergence of sequences coincide in G, a simple application of Eberlein’s 
theorem shows T(W) is relatively compact. Again, we have T E 9C(F, G). 
Remark 4. The corollary states necessary and sufficient conditions in 
order that A(E) = S(F, G). Under certain circumstances, the reflexivity of 
E will force 64,(F, G) to be reflexive when the latter equality holds. However, 
this does not seem to be unreasonable. It is well known that pO(eP, /r) is 
reflexive and 9(P, P) = ,Eec(@, P) if 1 < r < p < + CO. This result 
has recently been generalized by Rosenthal [6]. Furthermore, Ruckle [7] 
announces that if E and F are Banach spaces both having the approximation 
property, then the space Zb(E, F) is reflexive if and only if both E and F are 
reflexive and ,Ep(E, F) = 8C(E, F). 
There are also other conditions under which LZ’*(F, G) is reflexive. For 
example, let F be a Monte1 space with a countable cobase for the bounded 
sets and such that Fe’ is nuclear, Let G be a nuclear FrCchet space. Then 
pEc6(F, G) is clearly metrizable and complete. It is also nuclear [8, p. 1731. Thus 
&(F, G) is nuclear FrCchet space and hence a Monte1 space [S, p. 1011. 
In particular, if D is a countable set, then the space -Y&&cn Kd , fldED Kd), 
where Kd = K for all d E D, is a reflexive nuclear FrCchet space. 
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